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Abstract

The Digital Orrery has been used to perform an in-
tegration of the motion of the outer planets for 845 million
years. This integration indicates that the long-term motion
of the planet Pluto is chaotic. Nearby trajectories diverge
exponentially with an e-folding time of only about 20 mil-
lion years.

The determination of the stability of the Solar System is one of the old-
est problems in dynamical astronomy, but despite considerable attention all
attempts to prove the stability of the system have failed. Arnold has shown
that a large proportion of possible solar systems are stable if the masses, and
orbital eccentricities and inclinations of the planets are sufficiently small [1].
The actual Solar System, however, does not meet the stringent requirements
of the proof. Certainly, the great age of the Solar System suggests a high
level of stability, but the nature of the long-term motion remains undeter-
mined. The apparent analytical complexity of the problem of determining
the stability of the solar system has led us to investigate the stability by
means of numerical models. We have investigated the long-term stability of
the Solar System through an 845 million year numerical integration of the
outer planets with the Digital Orrery [2], a special purpose computer for
studying planetary motion.

Our earlier integrations [3] showed surprisingly long periods in the mo-
tion of Pluto, of order 137 million years, and longer periods or a possible



secular drift in the inclination of Pluto. The motion of Pluto is involved in a
surprisingly large number of resonances. The libration of the resonant argu-
ment permits the orbit of Pluto to cross the orbit of Neptune without having
close encounters [4]. Williams and Benson [5] also found that the argument
of perihelion was oscillating about 7 /2. Thus the perihelion of Pluto remains
far from the line of intersection of the orbital planes of Pluto and Neptune.
Williams and Benson noted that two other resonance conditions were pos-
sibly satisfied by the motion of Pluto. Using the frequencies determined in
our 200 million year integrations, we find that these two resonances are sat-
isfied to the precision of our measurements. In addition, the 137 million year
components that we observed in the elements of Pluto are associated with
yet another commensurability. In Hamiltonian systems resonances are asso-
ciated with both enhanced stability and instability. Without the libration
of the resonant argument or the argument of perihelion a Neptune crossing
orbit would be highly unstable. Nevertheless, resonances are also associated
with most prominent zones of instability. This is particularly true if several
resonances strongly affect the motion.

The very long periods and the abundance of resonances in the motion
of Pluto compelled us to pursue longer integrations. Our new integration
indicates that the long-term motion of the planet Pluto, and by implication
the motion of the whole Solar System, is weakly unstable. Exponential di-
vergence of nearby trajectories indicates that the motion of Pluto is chaotic
with the largest Lyapunov exponent estimated to be 10~73yr—1.

Our Numerical Experiment

For many years the longest direct integration of the outer planets was the
one million year integration of Cohen, Hubbard, and Oesterwinter [6]. Re-
cently several new integrations of the outer planets have been performed [7,3,8].
The longest was our set of 200 million year integrations. Our new integra-
tion is significantly longer and more accurate than all previously reported
long-term integrations.

In our new integration of the motion of the outer planets the masses
and initial conditions were the same as those used in our 200 million year
integrations of the outer planets. The planet Pluto is taken to be a zero-
mass test particle. We continue to neglect the effects of the inner planets,
the mass lost by the Sun due to electromagnetic radiation and solar wind,



and general relativity. The most serious limitation of our integration is our
ignorance of the true masses and initial conditions. We believe that our model
is close enough to the actual solar sytem that its study sheds light on the
question of stability of the solar system. To draw more rigorous conclusions
the sensitivity of our conclusions to the uncertainties in masses and initial
conditions, and to unmodeled effects must be determined.

Our earlier integrations were limited to 100 million years forward and
backward in time because of the accumulation of error, which was most
seriously manifested in an accumulated longitude error of Jupiter of order
50 degrees. In our new integrations we continue to use the 12*® order Stérmer
predictor, but a judicious choice of stepsize has reduced the numerical errors
by several orders of magnitude. In all of our integrations the error in energy
of the system varies nearly linearly with time. In the regime where neither
roundoff nor truncation error is dominant the slope of the energy error as a
function of time depends on stepsize in a complicated way. For some stepsizes
the energy error has a positive slope; for others the slope is negative. This
suggests that there might be special stepsizes for which there is no linear
growth of energy error. By a series of numerical experiments we indeed
found that there are values of the stepsize where the slope of the linear
trend of energy vanishes. The special stepsizes become better defined as the
integration interval of the experiments is increased.

We chose our stepsize on the basis of a dozen 3 million year integrations,
and numerous shorter integrations. For our new long integration we chose
the stepsize to be 32.7 days. This seemingly innocuous change from a stepsize
near 40 days dramatically reduces the slope of the energy error, by roughly
three orders of magnitude. If the numerical integration were truncation-error
dominated, for which the accumulated error is proportional to the A™, where
h is the stepsize and n is the order of the integrator, then this reduction
of stepsize would only improve the accumulated error by about a factor of
about 10.

In our new integration the relative energy error (energy minus initial
energy divided by the magnitude of the initial energy) over 845 million years
is —2.6x1071°; the growth of the relative energy error is still very nearly linear
with a slope of —3.0 x 10~'° per year. By comparison the rate of growth of
the relative energy error in our 200 million year integrations was 1.8 x 10~16
per year. The errors in other integrations of the outer Solar System were
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comparable to the errors in our 200 million year integrations. The rate of
growth of energy error in the one million year integration of Cohen, Hubbard,
and Oesterwinter was 2.4 x 1071° per year. For the 6 million year integration
of Kinoshita and Nakai the relative energy error was approximately 5 x 1016
per year. For the LONGSTOP integration the growth of relative energy (as
defined in this paper) was —2.5 X 10726 per year. Thus the rate of growth
of energy error in the integration reported in this paper is smaller than all
previous long-term integrations of the outer planets by a factor of about 600.

We verified that this improvement in energy conservation was reflected in
a corresponding improvement in position and velocity errors by integrating
the outer planets forward 3 million years and then backward to recover the
initial conditions, over a range of stepsizes. For the chosen stepsize of 32.7
days the error in recovering the initial positions of each of the planets is of
order 1075AU or about 1500km. Note that Jupiter has in this time travelled
2.5 x 10%km.

The error in the longitude of Jupiter can be estimated if we assume that
the energy error is mainly in the the orbit of Jupiter. The relative energy
error is proportional to the relative error in orbital frequency so the error in
longitude is proportional to the integral of the relative energy error: A\ ~
tnAE(t)/E, where n is the mean motion of Jupiter and ¢ is the time of
integration. Since the energy error grows linearly with time the position
error grows with the square of the time. We find that the accumulated error
in the longitude of Jupiter after 100 million years is only about 4 minutes of
arc. This is to be compared with the 50 degree accumulated error estimated
for our 200 million year integrations. The error in the longitude of Jupiter
after the full 845 million years is about 5 degrees.

We have directly measured the integration error in the determination of
the position of Pluto by integrating forward and backward over intervals as
long as 3 million years to determine how well we can reproduce the initial
conditions. Over such short intervals the roundtrip error in the position of
Pluto grows as a power of the time with an exponent near 2. The error in
position is approximately 1.3 x 1071942 AU (where ¢ is in years). This growth
of error is almost entirely in the integration of Pluto’s orbit; the roundtrip
error is roughly the same when we integrate the whole system and when we
integrate Pluto in the field of the Sun only. It is interesting to note that
in the integrations using the 32.7 day stepsize the position errors in all the
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