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1. I n t r o d u c t i o n  

It is the purpose  of this paper  to show, by introducing the concept  of 

reflection, how we can simplify the problem of finding a solution to the 

Dirichlet problem for  certain mult iply-connected regions. 

We consider the problem of finding a single-valued function harmonic in a 

connected region S + bounded by nonintersecting contours Lo, L,,  �9 �9 �9 Lpfor  

which L0 contains all the others. We use the notation of Muskhelishvili  [2] 

and Mikhlin [1]. Let  L = L 0  U L, U . . - U  Lp, S j  be the finite region 

bounded by Lj, j = 1 , 2 , . . . ,  p and So be the infinite region bounded by Lo. 

The positive direction of L is taken so that S § lies to the left of L. We 

assume Lo is analytic and satisfies certain additional assumpt ions  and that 

the L~, j = l , - . . , p  have continuous curvature,  see Fig. 1. 

We shall show that the Dirichlet problem for S + can be reduced to an 

integral equation not involving Lo, or equivalently, can be reduced to p 

integral equations for  p unknowns,  one on each L~, j = 1 , . . . , p .  We shall 

show that this integral equation (system) has a unique solution in general. 

This contrasts  to the usual process,  in that there is a sys tem of p + I integral 

equations with p +1 unknowns to determine.  In the case of a doubly- 

connected region, this reduces the problem to the solution of only one 

integral equation in one unknown, instead of a coupled sys tem of two 

equations in two unknowns.  

As reflection plays such a key role in the development ,  we shall give some 

examples  of  analytic curves of the type specified and shall show the 
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so 

' L o  

Fro. 1. 

reflection o f  curves  in these curves .  These  results were worked  out  on an 

on-line c o m p u t e r  with the help of  Dan Zuras  to w h o m  I wish to express  my  

grati tude. 

2. F o r m u l a t i o n  o f  t h e  p r o b l e m  

We shall restr ict  ourse lves  to curves  Lo of  the form:  

x(O) = ~ ak COS kO + bk sin kO 
k=O 

(2.0) 0 <_- 0 < 27r, 

y (0 )  = ~ ak cos  kO +~k sin kO 
k=O 

with x':(O)+y'2(O)#O, (a.,bn)~(O,O)~(a,,,,~,.) and if n = m then ei ther  

a z +/32 # a 2 + b z or  a,an +/3.b~ ~ O. We also require that  if 

[(t) = Co + C . - , / - +  �9 �9 �9 + C , i " - '  + [ 2 a o -  z - ~ l t - "  + c , t  ""+' + "  �9 " + c .  j-~" 

g(t)  = ~,m +~., , t - + ' "  +~,F m-' 

+ I 2 a o - i ( z  - ~r)] i "  + y , i " * '  + . . . + v . / - 2 "  
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where 

and if 

and if 

ck =ak +ibk, ~k =ak  +iflk 

M(z ,~ )  = resultant o f / a n d  g = R[f ,g]  

P[z] = R [ M ( z , r  Mr 

Q [ z ] =  R [ M ( z , ~ ) ,  Mz(z,~)] 

then no zero of P or Q lies in L U S § 

We are looking for  a real single-valued function u (z), z = x + iy, harmonic 

in S*, continuous in S + U L and such that 

(2.1) u ( z ) - o F ( t )  as z ~ t  on L, z E S  +, 

i.e., 

(2.1.1) u(z)---~Fj(tj) as z---~tj on Lj, ] = 0 , 1 , . . . , p ,  

in which F and Fj are HSlder continuous.  

Before we can formulate  the integral equation, we need to recall certain 

facts  about geometrical  reflection. It is shown in [3] that if Lo is of  the form 

we have, then there exists a reflection [unction G ( z )  for  Lo, single-valued 

and analytic in l)  such that if z E S § and 

= G ( z )  

then for  z close enough to Lo, 2 E S +. We shall assume that for  all z E  S § 

z ~  S +. Then 

(i) ~. E So ;  

(ii) ~ . - - z  for z on Lo; 

(iii) G ( z )  can be extended as a single-valued function analytic on 

S + U L  U S +  where 

~+--{~:~=2, zeS+}=-G(S+); 
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^ + .  
(iv) O'(z)#O for  z @ S  + U L o t O S  , 

(v) ~ = z  for  z E S+ tO L U ',~ *. 
We look for 

(2.2) u (z) = Re d) (z). 

Even though u(z) is single-valued, d~(z) is not single-valued. In general, 

however,  

(2.3) ok(z) = q~*(z) + f~ Ak ln(z - zk )  
k = l  

in which the Ak are real constants to be determined, ZK is any point in S~, 

k = 1 , . . - , p  and d,*(z) is single-valued. 

We seek ~b*(z) of the form 

[, 1} t 
(2.4) ~b*(z)=~-~- tz(t) t - z  t -~.  

L 

in which /z(t) is a real single-valued H61der continuous function on L. 

We consider each of the p + 1 integrals in (2.4), i.e., 

(2.5) 4,*(z)=~--~ tz~(t) t - z  t - ~ .  
Lk 

By (ii), we see 

k = 0 , 1 , - - . , p .  

(2.6) d ~ * ( z ) ~ 0  as Z ~ t o  on Lo for k = l , 2 , . " , p .  

By the Plemelj formulas [2], we see that 

(2.7) 

and that 

(2.8) 

d~*(z) ~'txo(to) as z ~ to bn  Lo, 

1 
Ck~(Z)--->+~gk(tk)+~i f P ' k ( t ) { l t k  t__~} dt 

Lk 
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as z ---> tk ELk. Thus we arrive at the integral equations: 

(2.9) Ixo(to) = Fo(to) - ~ ak In l to -- zk [ 
k = l  

[ I f  { 1 1 } ] ' (2.10) Ix(t*)+Re Ix(t) t - t *  t -  dt =2F(t*)-2~Ak lnlt*-zkl 
L 

and combining yields the integral equation: 

(2.11) 

where 

and 

+ix( t , )+Re[ l  f ix(t){t 1 1 -t* t [,}dt]= H(t*), 

~=  L1UL2U'"ULp 

t * E ~  

H(t*)=2F(t*)-2~Ak I n l t * - z k l - R e  1. Fo(t)- Ak l n [ t - z k  [ 
k = l  7 l ' l  k = t 

L o  

(2.12) x{ 1 1 } t-t* t - i*  dt. 

Reflection has permitted us to solve one of the p + 1 integral equations 
explicitly, leaving only p equations to be solved. 

3. S o l u t i o n  of  t h e  p r o b l e m  

We wish to show that (2.11) has a H61der continuous solution and it is 
unique. Toward this end we wish to use the Fredholm alternative. Thus we 
shall consider instead of (2.1 1), the integral equation 

f { '  , (3.1) v( t*)=A Re l'~-t v(t) t - t *  t--f*+k(t't*) dt 

where 
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�9 ~ = 1  if t , t* lie on same Lk 
k( t , t  ) where  t' dt 

= 0 if t, t*  lie on different  Lk J = ~ss' s = arc length L 

and prove:  

T h e o r e m  1. & = - 1 is not an eigenvalue of (3.1). 

P r o o t .  I f  )t = - 1 were  an e igenvalue  and  ~r(t) a co r r e spond ing  H61der 

con t inuous  e igenfunc t ion  (real), then 

(3.2) 

L e t  

o - ( t * ) = - R e  1. ~r(t) ) -t* t - i *  +k(t't*) dt. 
Tel 

(3.3) -bk= 1 f o~(t)ds, k = 1 , 2 , . . . , p .  
9"1" 

Lk 

Then  (3.2) can  be wri t ten:  

(3.4) - o ' ( t * ) =  Re o'(t) t -t* t - - i *  dt -bk, k = l , 2 , . . . , p  

fo r  t* on L .  

Cons ider  the func t ion  

(3.5) c~(z)=rr-7 t - z t - ~ d t  

which is ha rmon ic  in S + U Lot_/ So. Us ing  the Plemelj  f o rmu la s  and  letting 

z ~ t*  on ~ gives  u p o n  utilizing (3.4): 
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Rea(t*)= +cr(t*)+Rel f o'(t){t i t  . 
5~ 

for  t ' o n  Lk, k = l , 2 , . . . , p .  

But on Lo, 

Let  

Then 

and 

where 

o, (to) = O . 

,} t ---[* dt= bk, 

4,(z)= ~ f ,~ft) t--~z dt. 
5~ 

,~(z) = + ( z ) -  + (~ )  

Re a(z) = R e  X(z) 

x ( z  ) = ~ ( z  ) - ,~(2 ) 

is analytic for  z in S + U Lo U S+. But 

Re a (z).= Re X (z) = b~ on Lk 

= 0  on Lo. 

Thus by the Cauchy-Riemann equations:  

0{Ira g ( z ) } _  3{Re x ' z ) ' = O ~  on Le u Lo, On Os 

where n = outer  normal (provided the orientation of (n , t )  is the same as 

(x,y)). But I m  X(z) is harmonic in S + O Lo U S~ and thus by the uniqueness 

of the solution of the Neumann  problem 

and thus 

Im g(z) = constant  in S § 

X (z) = constant  in S +. 
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l 
FIG. 2. 

But 

thus 

H e n c e  

and  

Also we have 

and  thus 

i.e., 

x(~r) = cos 
y(~r) = sin ~ + .2 sin 3~r 

tr = ~  +iB, 0<_-a =<2~r, /3 = 0,-+.l,-+.2,+-.3 

Re X ( z )  = 0 on  Lo, 

X ( z )  = ia in S +, a = real cons tan t .  

Re a (z) = 0 in  S § 

bk = 0. 

i a = $ ( z ) - $ ( ~ ) i n S * O  L U S +  

r  - r  = ia on Lo, 

Im  ~ (z )  = ~ a  o n L o .  

But  $ ( z )  is ana ly t ic  in S + U  L o U  So and  thus I m $ ( z )  is ha rmon ic  in 

S + U Lo U So. M o r e o v e r  I m $ ( z )  takes  on  the va lue  �89 on Lo and  tends  

un i fo rmly  to zero as z -~ o~. Thus  
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T h u s  
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O(z) = �89 + ia) c o n s t a n t  in S § U Lo U S o .  

-~t f [tr(t)-�89 for all z in S+O LoU So, 
s 

a n d  by  H a r n a c k ' s  t h e o r e m  we  c a n  c o n c l u d e  tha t  

t r ( t )  = a o +  ~k, k = 1 , 2 , . . . , p ,  

?k = c o n s t a n t  f o r  t o n  Lk. 

B u t  

0 = - b ~ = - - ~ r l  f 

Lk 

a n d  thus  

and  f ina l ly  

o'(t)ds = l [ a o +  6 ]  Ik, 

a 0 +  tTk = 0  

o-(t) -=0 

lk = l e n g t h  of  Lk 

FIG. 3. 
X(tr) = COS cr + .1 COS 3o" 
y(tr) = sin o" + .1 sin 3tr 

o" = a +i/3, 0_--< ot _--< 21r, fl = 0 , -+.1,•  
The crosses represent the singular points 
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which shows that  A = - 1 is not  an e igenvalue  and the theorem is proved.  

We now re turn  to the original equa t ion  (2.11) and prove  

T h e o r e m  2. There exist Ak such that (2.11) has a unique solution for all 

Hi~lder continuous H ( t ). 

P r o o f .  We cons ider  equat ion 

/ 1 
(3.6) v ( t * ) = - R e  1. v( t )  - t *  

~z  t 

1 
t - [ , + k ( t , t * )  d t + H ( t * ) .  

This equat ion in general  has a unique solut ion by T h e o r e m  1. The  solution 

will depend  on the parameters  A, ,  A2," �9 ", A,.  I f  we impose on the solution 

the condi t ions  

(3.7) --bk=--rrl I v(t)ds = 0 ,  k = l , 2 , ' " , p ,  
Lk 

• >( 

FIG. 4. 

x(cr) = cos cr + .1 cos 3~r 
y(cQ = sin ~r + .1 sin 3o 

o'=a+ifl, 0<-a--<2~ ", /3=bcos22a, 0 <=ot<2~', b =  -+.1, -+.2 
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then we ob ta in  the solution of equa t ion  (2.11). Thus  the p r o b l e m  reduces  to 

showing tha t  the solut ion of (3.6) sub jec t  to the cons t ra in t s  (3.7) has  a unique 

solution.  

The  solut ion of  (3.6) can be wri t ten  in t e rms  of  the r e so lven t  

(3.8) 

where  

v(t*) =- f F(t*,  t)H(t)dt 

5s 

i f ( t )  = + 2 F ( t )  - R e  1 ,=, f V~176 '-, ,o :' e } d'~ '  

Lo 

(3.9) q3(t) = -21nit-  zk I + Re 1~, f 'nlt0-z~l{ 'to- ' to-1 }[ dto. 
Lo 

Impos ing  the condi t ions  (3.7) on (3.8) leads to a sy s t em of  equa t ions  

(3.10) b, = 0 = f j +  ~'~gjkAk, j =  1 , 2 , ' ' ' , p ,  
k = l  

where  it is c lear  wha t  fj and g~i are.  W e  wish to show (gjk) is nonsingular .  I f  it 

were  s ingular  then for  F(t)= 0, i.e., fj = 0, we would have  a nontr ivial  

solution o o o (A , ,A2 , . . . ,Ap)  of  (3.10). But  then 

u(z) = Re{4,*(z)} + ~ A ~ In [z - zk I 
k = l  

would give a nontr ivial  solut ion to the Dir ichlet  p rob lem in S + with zero 

bounda ry  da ta  which  is imposs ib le .  T o  see that  we canno t  have  
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Re{ek*(z)}+~A~ in S +. 

We note if we did then 

c~*(z) + ~ A~ - z ~ )  = c o n s t a n t  i n  S + 
k = l  

which is impossible since ~*(z )  is a single-valued function in S+. Thus g~ is 

nonsingular and the theorem is established. 

4. E x a m p l e s  of  r e f l e c t i o n  

In this section we look at several examples  of possible geometr ies  that 

were worked out using an on-line computer .  I wish to acknowledge the great 

help given in the computat ions  by Dan Zuras.  The pictures were photo- 

graphed with a polaroid camera  directly f rom the scope, the photographs  

were photographed to obtain a negative and the negatives were enlarged to 

the proper size. The enlargement  was then traced to give the pictures of the 

text. 

....\ /J~} 

FIG. 5, 

x ( o - )  = COS o- 

y(~) = sin o- + .1 sin 5c~ 

0 = a  +if3, 0-<_o~ ~2~, /3 =0,• 
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f f  
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FIG. 6. 

o- = a +i/3, 

x(o-) = cos  0- + .2 cos 2o- 

y(0-) = sin o- 

0-< ct ~ 2rr, /3 = 0, _+ . I ,  _+ .2,_+ .3, + .4, + .5 

) 

FIG. 7. 

x(o-) = ( . 60+  .85i) cos o - - - ( +  . 7 4 +  .43i) cos  2 0 - + ( . 8 2 - - . 0 7 4 i )  cos  3o- 

y(0-)  = ( -  .40 + .63i) sin 0 - -  (.77 + .98i) sin 2 o - +  (.034 + .053i) sin 30- 

o - = ~ + i / 3 ,  0 = < a = < 2 ~  ", / 3 = 0 , _ + . 0 5  

In each example the dashed curve is the analytic curve whose  equations 

are given below. The closest interior curve to the dashed curve is reflected to 

the closest exterior curve to the dashed curve, the second closest interior 

curve is reflected to the second closest  exterior curve, etc. 
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The reflection func t ion  was defined in [3] by setting 

in (2.0), solving for  

and setting 

I 
x = �89 + ~), y = ~{(z - ~) 

= G ( z )  

= G ( z ) .  

In the c o m p u t a t i o n s  for  a reflection cu rve  through the curve  L,,: 

we took  

x ( a )  = ~ ak cos k a  + bk sin k a  
k=O 

y (ct) = ~ ak cos ka  + [3k sin ka  
k=O 

0 < <2~" 

x ( o O + i y ( o - ) = x [ a  + i [ 3 ( a ) ] + i y [ a  +i[3(a)]  O=<a < 2 7 r  

for  the curve  and 

x ( 6 " ) + i y ( 6 " ) = x [ a  - i [ 3 ( a ) ] + i y [ a  - i f l (a)]  0 = < a  < 2 ~ -  

for  the reflected curve .  

In order  to jus t i fy  this, let 

and 

z = H(o-) = x(o-) + iy(cr) 

= H ( ~ )  

where  we restr ic t  ourse lves  to regions  where  H(cr)  is a I-1 map,  i.e., 

x ' (o ' )  + iy'(o-) ~ 0. Thus  we can solve fo r  

o- = H - ' ( z  ) 

and obtain 
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But for  z on Lo we have  

and  thus  

C o n s i d e r  

= H [ H  ' (z)] .  

~ = z  

z = H [ H - ' ( z ) ]  for  z on Lo. 

2 - 2  = G ( z ) -  H [ H - ' ( z ) ] .  

Then  2 -  5 = 0 on  L0 and is ana ly t i c  in a n e i g h b o r h o o d  of  L0 and  thus  

and the p r o c e d u r e  is just if ied.  

I t  should  a l so  be  men t ioned  tha t  the  s ingu la r  po in ts  ( + )  of  G fo r  F igure  4 

were  f o u n d  by  f inding the ze ros  of  the  po lynomia l  

x ' (6-)  + iy ' ( ~ )  --- 0 and  x '(o-) - iy '(or) = O. 

This  is val id  s ince  

and thus  

2 = x ( # )  + iy(~, )  = G [ x ( o ' )  + iy(ty)]  = G ( z )  

x ' (6 - )  + iy '(d-)  = G ' [ z  ] x ' ( t y )  + iy ' (cr) .  

In all of  the  f igures,  /3 = 0 g ives  the  cu rve  of  ref lec t ion.  
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